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This paper is written in support of a decision to be made regarding the required size of an integrating sphere intended for measuring the luminous transmittance VT of complex glazing systems that are too large, patterned, or optically complex for this determination using an integrating sphere spectrophotometer. The plan is to use ASTM standard E-1175 for guidance in making this measurement, but we wish to put a spotlight on the sphere size issue, based mainly on the theory of an integrating sphere prepared by David Goebel and published in Applied Optics. Goebel, David G., “Generalized Integrating Sphere Theory,” Applied Optics,  Vol 6, 125- No. 1, January 1967. 
This paper begins with facts relating to an idealized perfect sphere and derives from first principles, and presents, formulas for 
· The fraction f of perfectly diffuse radiant flux entering an idealized perfect sphere from an imaginary port in the side of the sphere (i.e. a sphere with no holes that somehow has diffuse flux coming into the sphere from an infinitesimally small element of sphere area) that is incident on some other area a. If R is the radius of the sphere, the result is f = a/4π R2.

· The error in f introduced if the area of a flat disk of radius r (i.e., πr2) is used for a in the above formula for f instead of the spherical area of a circular cap in the wall of the sphere. That error ε is approximately r2/D2 if D is the diameter of the sphere. Using the approximate form for ε the diameter d = 2r of the flat disk is related to the diameter D of the sphere by d ≈ (2 ε)½  D. For an error of 1% in f the diameter of a would be 20% of the sphere diameter D.  Thus, for a port diameter of 2 feet, the sphere diameter could be five times this, or 10 feet. Note that this is only for the idealized fraction f in a perfect sphere, used for a more general derivation later in the paper.
· The total flux Pi incident on small area ai summed over an infinite number of reflections in the sphere having n + 1 areas ai  with diffuse reflectivity ρi in terms of the ratio fi  of ai to the total area As of the sphere wall. This flux is 
Pi = fi ρo Po / (1 - <ρw>) 


(1)

where Po is the flux initially entering the sphere and incident on area ao of the sphere wall, ρo is the reflectivity of that area, and <ρw> is the average sphere wall diffuse reflectivity. Assuming that the ports have zero reflectance the sphere average reflectance is given by
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(2)
If there are two ports with reflectivities ρ1 and ρ2 then (2) will be
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(3)
This gives the area-weighted reflectances of the sphere wall and of the two ports of fractional areas f1 and f2.

· A general expression for the sphere efficiency factor Fi = Pi / Po. This is the fraction of flux entering the sphere that is incident on the ith small area of the sphere.  In the case where the flux enters through one port, irradiating the uniformly reflective sphere wall of reflectance ρw, and the sphere has n empty holes, then the fractional flux Fi emerging from the ith hole is given by the following equation. 
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(4)
where ρo is the reflectance of the portion of the wall where the entering beam strikes, in most cases the sphere wall of reflectance ρw. Let us assume that the sphere has only two ports in it, an entrance port e having reflectance ρe and a detector port d having reflectance ρd. The entering beam strikes the sphere wall of reflectance ρw. In this case the fraction of flux entering the sphere through the entrance port and making it to the detector port will be given by
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(5)
· The following simplified version of the above expression, for use when the sum of all the fi is much less than one:  Fi ≈ ρw fi / (1 - ρw) for ρw ≠ 1.0.
· A relationship for the percentage change in Fi resulting from changes in the sphere wall absorptance αw = 1 – ρw from which it is concluded that a 0.5% change in the reflectance of the sphere coating yields a 5% change in the sphere efficiency if the coating reflectance is 90% or so.
Evaluation

None of this tells us directly what the consequences are of making the combined port diameters large with respect to the overall sphere area. With the strong source fluxes used in tests with real solar radiation, and due to the high sensitivity of modern photodetectors, coupled with sensitive detection electronics, we are not signal-limited in the case of measuring VT of complex glazings and can accommodate low sphere efficiencies. Thus, the area of the port for the detector can be made very small and we can assume that its reflectance is zero. This means that having a large fractional area for the specimen port and lowered sphere efficiency do not produce a limiting factor on sphere diameter.
The ASTM E-903 standard for determining the solar optical properties of materials using an integrating sphere spectrophotometer offers this note on port size:
Note 3—For high accuracy (better than ±0.01 reflectance units) measurements, the ratio of the port area to the sphere wall plus port area should be less than 0.001 (1).
  In general, large spheres (> 200 mm) meet these requirements and are preferred while small spheres (< 100 mm) can give rise to large errors.

It is not directly explained where this low port-to-sphere area came from. Ref. 1 in that standard is to the Goebel paper summarized above.  In Annex 1 of that standard it is stated that:
A1.1  A number of different integrating sphere geometries have been used over the years to obtain  the optical reflectance and transmittance of materials. Each geometry has advantages for specific applications. For a thorough understanding of sphere  applications and performance, Refs 1, 5, 7, and 8 should be consulted.
Reference 1 is to the Goebel paper. Here are references 5, 7, and 8:

5. Kneissl, G. J., and Richmond, J. C., “A Laser-Source Integrating Sphere Reflectometer,” NBS Technical  Note 439, National Bureau of Standards, February 1968. 

7. Jacques, J. A., and Kuppenheim, H. F., Journal of Optical Society of America, Vol 45, No. 6, 1955, p. 460. 

8. Zerlaut, G. A., and Anderson, T. E., “Multiple-integrating Sphere Spectrophotometer for Measuring Absolute Spectral Reflectance and Transmittance,” Applied Optics 20, November 1981. 

ASTM 1175 is the primary document being used by NFRC to develop the large-integrating-sphere methodology for measuring the VT of complex glazings.  I haven’t been able to locate a copy of ASTM 1175 to see if that document has anything useful on the port-to-sphere diameter selection and wanted to get this hastily written paper out for review before the Fall 2006 NFRC meeting so it can be discussed at that meeting. Technical reviews of this paper will be appreciated.  Send to RMcCluney@cfl.rr.com
Strategies for Determining Port Size Limits for VT Measurements on Complex Glazings
The approach NFRC seems to be planning for outdoor measurements of the transmittance of complex glazing systems is to first obtain a “100%” or reference signal with an empty entrance aperture facing the sun on a clear day and then to introduce the test system into the aperture and take a second reading. (It would be good to follow this with another reference reading to assure that the incident irradiance has not changed significantly.) The ratio of the test and the average of the reference readings yields the approximate transmittance of the system.  However, introducing the test specimen into the entrance aperture changes its reflectance and hence the sphere efficiency, introducing an error in the measurement proportional to the extra flux reflected by the specimen in the port back into the sphere.
The magnitude of the error is easily estimated using the equations derived by Mr. Goebel, and if the specimen visible reflectance is known, can approximately be corrected for. I’ll attempt equations for both estimating the magnitude of the error and correcting it, in the sections below.

Error Magnitude
Let us assume that in the reference or calibration mode, with nothing in the entrance port, the reflectance of that port for radiation approaching it from the inside is zero. Let ρs be the reflectance of the entrance port when the specimen is in place over it. We calculate the two sphere efficiencies as follows, where fd is the fractional area of the detector port and ρd its reflectance. First we determine the reference case efficiency, the fraction of flux Fdref entering the specimen or entrance port of reflectance ρe = 0 that reaches the detector port in the reference case, from (5).
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(6)
Then we give the fraction of flux Fdtest entering the specimen port (after transmission through the sample) of fractional area fe and having sample reflectance ρe that reaches the detector port in the test or sample case, from (5).
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(7)

The magnitude of the fractional error signal in this case, ΔFerror, will be the difference between (6) and (7).  

ΔFerror =  Fdtest
- Fdref




(8)
Note that in the test case, the actual flux entering the sphere will be less than the reference case flux by the transmittance of the sample, the ratio which the test is designed to determine, but the sphere efficiency will be greater in this case due to the average sphere reflectance increasing due to the presence of the sample in the port.
The above three equations provide only the sphere efficiencies in the test and reference cases. It is as if the flux entering the sphere in the sample case equaled that in the reference case, so the difference in (8) between the two quantities in (7) and (6) provides an approximate measure of the fractional error ΔFerror  in making the measurement by ratioing the signals obtained in the two cases.
Sample-Port Diameter Fraction for Various Permitted Errors
By changing the specimen entrance port fractional diameter fe and calculating ΔFerror we can determine the relationship between these quantities for different sample reflectances ρe.

The equations were entered as transforms into Sigma Plot from SyStat Software and the results were plotted in a family of curves, one graph for each of three sphere wall reflectances. The results are shown on the next page. The transforms used are provided in the Appendix at the end of this paper.
Using the planar approximation for port area, if a is the sample port area, then its diameter can be calculated from a = π r2 to yield a port diameter d = 2(a/π)-2 or two times the square root of a/π.  The area A of a sphere of radius R is A = 4πR2 so that its diameter D is given by D = 2(A/4π)-2 and the ratio of port diameter to sphere diameter d/D is given by
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(9)
Given the ratio of port to sphere area fe on the plots below, one can convert to a ratio of port to sphere diameter d/D using (9), which was done when plotting the charts below.
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Figure 1. Fractional signal error for wall reflectance 92%.
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Figure 2. Fractional signal error for wall reflectance 95%.
[image: image14.wmf]Error in Signal Versus Sample Port Size

Sample port diameter to sphere diameter ratio, d/D

0.05

0.10

0.15

0.20

0.25

0.30

Fractional error in flux on detector

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

0.016

0.018

0.020

0.022

0.024

0.026

0.028

0.030

Sample reflectance 0 %

Sample reflectance 20%

Sample reflectance 40%

Sample reflectance 60%

Sample reflectance 80%

Sample reflectance 100%

WallReflectance = 0.95

DetectorReflectance = 0

DetectorArea = 0.1% of sphere

1% line


Figure 3. Fractional signal error for wall reflectance 98%
The strong influence of the sphere reflectance is evident in these results, but this is not surprising, given that increasing the sphere reflectance increases the flux reaching the detector port, thereby decreasing the relative importance of the sample reflectance, which is the same for all three charts of differing sphere wall reflectance.
In choosing the appropriate maximum ratio of port to sphere diameter, we can use worst case conditions. One would be for a sphere reflectance of 98%. It is very unlikely that any practical spheres have a higher wall reflectance than this.  If we are willing to accept an error of 1% in the measured transmittance of a sample from this measurement, then we will need to stay below the 1% line shown on Figure 3.  For a further worst case, we take the sample reflectance to be 100%. In this case, Fig. 3 indicates that the port-to-sphere diameter ratio should remain below about 0.04.  For example, if the entrance or sample port is circular with a diameter of 3 feet, this means that the sphere should be larger than 3/.04 = 75 ft in diameter.  This seems unreasonably large, so let us assume instead that the sphere wall reflectance is a more reasonable 95%.  In this case, and again choosing a worst case sample reflectance of 100%, the port-to-sphere diameter ratio should be below 0.11, in which case our 3 ft diameter entrance port should be placed in a 3/.11 = 27 ft diameter sphere.
If we double the permitted error to 2%, this will result in a smaller sphere diameter required for our 3 ft diameter sample port. I replotted the third chart above to include larger port-to-sphere diameters and the results are shown in the graph below.

[image: image15.wmf]Error in Signal Versus Sample Port Size

Sample port diameter to sphere diameter ratio, d/D

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.10

0.11

0.12

Fractional error in flux on detector

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

0.0035

0.0040

0.0045

0.0050

Sample reflectance 0%

Sample reflectance 20%

Sample reflectance 40%

Sample reflectance 60%

Sample reflectance 80%

Sample reflectance 100%

WallReflectance = 0.92

DetectorReflectance = 0

DetectorArea = 0.1% of sphere


Figure 4. Fractional signal error for wall reflectance 95%.
Increasing the error tolerance from 1% to 2% allows the port-to-sphere diameter ratio to increase to 0.22, even with a sample reflectance of 100%. Choosing a more reasonable maximum sample reflectance of 80%, we see that the 1% error tolerance is not exceeded over the whole range of port-to-sphere diameter ratios, and since the 80% reflectance curve appears to be decreasing with increasing sphere size above that value, one would tentatively conclude that even smaller sphere sizes would be acceptable.
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I repeated the above plot, this time extending the d/D ratio to 0.32, with the results shown below.

It is confirmed that the port-to-sphere ratio can increase to 0.3, 0.4, and probably even 0.5 with a sphere wall reflectance of 95%, as long as the sample reflectance remains below or no more than slightly above 80%.

This means that by sticking to a sphere wall reflectance of 95% and samples whose reflectivities are less than or equal to 80%, the 1% error tolerance can be maintained with port-to-sphere diameters as large as 0.4 or 0.5. For our hypothetical 3 ft diameter entrance port, this means that the sphere should can 6 ft or 7 ft in diameter.
Correcting Errors
Since we have the integrating sphere theory at our disposal, rather than just accepting the difference between the sphere efficiency values with and without a sample in the entrance port, we could in principle correct for the error, if we know the relevant parameters in Equations 6 through 8.  I will attempt this by developing a mechanism for correcting the sample-case signal for the presence of a sample of reflectance ρs in the entrance port.
Let Po be the flux power incident on the entrance port, presumed the same in both test and ref cases. If VT is the visible transmittance of the sample, then Po will be the flux entering the sphere in the reference case and Ps = VT• Po will be the flux entering the sphere in the test case. The signal recorded by the detector will be equal to these fluxes multiplied by the sphere efficiency.  If we assume that the sphere efficiency is the same in the two cases, which we know to be incorrect, we also know that the error in this assumption will be equal to the flux received by the detector in the sample case minus that flux multiplied by the increased sphere efficiency given by Eq. 8. Thus to correct for this error, we can subtract from the sample signal an amount equal to the sample signal multiplied by ΔFerror in (8). If Sref is the detector signal during the reference measurement of sunlight with an empty aperture and if Ssamp is the detector signal during the test measurement of light transmitted by the sample, then the corrected visible transmittance will be given by
VT = Ssamp (1 - ΔFerror) / Sref






(10)
To simplify the expression for ΔFerror, let us make some simplifying assumptions about the experiment.  First is that the detector port is very very small, small enough that it can be neglected, meaning that fd = 0. Second is that the sphere reflectance is 0.95, the sample reflectance ρs is known, and is zero in the ref case. This leaves us with:
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(11)
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(12)
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(13)
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(14)

With these simplifications, 


[image: image12.wmf]÷

÷

ø

ö

ç

ç

è

æ

-

-

-

-

-

-

=

D

)

1

(

95

.

0

1

1

)

1

(

95

.

1

1

e

e

s

e

w

d

error

f

f

f

f

F

r

r




(15)

Knowing the detector port area as a fraction of the total sphere wall area fd, knowing the entrance port area as a fraction of the total sphere wall area fe, knowing the sphere wall reflectance ρw, and knowing the reflectance ρs of the sample, we can compute the correction from (15) to be applied to the sample case signal in (10).

Employing this correction should enable the use of still greater ratios of port-to-sphere diameters. As one attempts to increase the port-to-sphere area ratio, sphere efficiency generally suffers and the fractional error increases.  As the magnitude of the needed correction term given in (15) increases, the consequences of errors in knowledge of the parameters in that equation also increase.

The overall accuracy of the measurement will be a combination of a variety of sources of errors, the port sample insertion change discussed above being but one of them.  As the port-to-sphere area ratio increases, these errors may also increase.  Before deciding to use a sphere of relatively small size, with d/D being as large as 0.3 to 0.5, for example, a more careful overall system error analysis is recommended.

Appendix.  Sigma Plot Transforms Used for Computations
Fractional Difference in Sphere Efficiency Due to Sample Insertion

'Insertion error calculation for placing samples of various reflectivities

'into integrating sphere ports of various fractional areas

'The fractional areas of the entrance port fe are in col(1).

'The fractional errors in sphere efficiency at the detector port DF

'are shown in columns 2 through 7 for sample reflectivities 0 to 1 in increments of 0.2

'We set the detector fractional area at 0.001 and its reflectivity at zero

'We let the sphere wall be 0.95 to start with and change that by hand

'for three different cases, RhoW = 0.92, 0.95, 0.98.

'Character “ ' ” is a comment character. Expressions following it on a line are not executed.
RhoW=0.95

fd=0.001

'Rhoe=0.0

col(2) = -RhoW*fd*(1/(1-RhoW*(1-fd-col(1)-0*fd-0*col(1)))-1/(1-RhoW*(1-fd-col(1))-0*fd-0*col(1)))

'Rhoe=.2

col(3) = -RhoW*fd*(1/(1-RhoW*(1-fd-col(1)-0*fd-0*col(1)))-1/(1-RhoW*(1-fd-col(1))-0*fd-0.2*col(1)))

'Rhoe=0.4

col(4) = -RhoW*fd*(1/(1-RhoW*(1-fd-col(1)-0*fd-0*col(1)))-1/(1-RhoW*(1-fd-col(1))-0*fd-0.4*col(1)))

'Rhoe=0.6

col(5) = -RhoW*fd*(1/(1-RhoW*(1-fd-col(1)-0*fd-0*col(1)))-1/(1-RhoW*(1-fd-col(1))-0*fd-0.6*col(1)))

'Rhoe=0.8

col(6) = -RhoW*fd*(1/(1-RhoW*(1-fd-col(1)-0*fd-0*col(1)))-1/(1-RhoW*(1-fd-col(1))-0*fd-0.8*col(1)))

'Rhoe=1.0

col(7) = -RhoW*fd*(1/(1-RhoW*(1-fd-col(1)-0*fd-0*col(1)))-1/(1-RhoW*(1-fd-col(1))-0*fd-1*col(1)))

Conversion of  Area Ratio to Diameter Ratio

'Area ratio to diameter ratio convert

'col(1) has the fractional area fe of the sample port relative to the sphere wall area

'col(10) will contain the corresponding ratio of port diameter to sphere diameter

col(10)=SQRT(col(1))/2
�The boldface numbers in parentheses refer to the list of references appended to this test method.
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